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Single particle motion in an uniform B field

1 example : spontaneous charge fluctuations

Let’s calculate the radius rm of a sphere that could be spontaneously depleted of all
electrons due to thermal fluctuations. In this case all electrons previously within the
sphere

Ne− =
4
3
πr3

mn

would move through the outer boundary of the sphere, resulting in a total ion charge
within the sphere of Q = eNe− . The corresponding electric field Er can be found from
Gauss’ law

Q = ε0

∮
E dA = ε0Er

∮
dA = ε0Er4πr2

m,

Er =
Q

4πε0r2
m
.

Because the energy density of an electric field is 1
2ε0E2, we can can calculate the total

energy resulting from breaking the charge neutrality:

W =

rm∫
0

1
2
ε0E24πε0r2 dr = πr5

m
2n2e2

45ε0
.
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We wish W to be equal to thermal energy of the electrons

Wth =
3
2

nkBT
4
3
πr3

m =W,

which implies that

r2
m = 45

ε0kBT
ne2 = 45λ2

D,

or
rm ≈ 7λD

2 single particle motion in a uniform b field

Before we deal with the really messy stuff, it is beneficial to study the motion of
single charged particles in uniform electric and magnetic fields. As a first step let’s
investigate the case of a charged grain moving in an uniform magnetic field.

You will show in your homework assignment that if only a Lorentz force

FL = q(v×B)

acts on a charged particle, its kinetic energy T = 1
2 mv2 is an integral of motion. We

now split v into its components parallel and orthogonal to the magnetic field:

v = v‖+v⊥

and similarly

T =
1
2

mv2
‖+

1
2

mv2
⊥ = T‖+T⊥.

Because of v×B = v‖×B+����v⊥×B = v‖×B, T‖ is an integral of motion, and T⊥ is
an integral of motion, too.

Then, the equation of motion for the component v⊥

m
dv⊥
dt

= qv⊥B = m
v2
⊥
ρc

describes a circular motion around the so-called guiding center. The radius

ρc =
mv⊥
|q|B

(1)

is the cyclotron or Lamor radius. The angular frequency of the cyclotron motion

ωc =
v⊥
ρc

=
|q|B
m

(2)
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is called the cyclotron or Lamor frequency.

Note that the gyromotion of a charge constitutes a current loop

j =
q
∆t

= q
ωc

2π
=

q
2π

qB
m

=
q2

2π
B
m
.

In this case, there is a magnetic moment

µ= area · current.

The area enclosed by the loop current is

Aloop = πρ2
c = π

m2v2
⊥

|q|2B2 ,

and thus

µ= j ·Aloop =
q2

2π
B
m
π

m2v2
⊥

|q|2B2 =
mv2
⊥

2B
,

and finally

µ=
T⊥
B

. (3)

Note that for both, the electrons and the ions, the direction of µ is opposite to the
applied magnetic field B. This means that µ resulting from the plasma particles’
gyromotion weakens the applied field – the plasma is diamagnetic.
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